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We extend the work of Contaldi et al. [1] and derive analytical approximations for primordial
power spectra arising from models of inflation which include primordial spatial curvature. These
analytical templates are independent of any specific inflationary potential and therefore illustrate
and provide insight into the generic effects and predictions of primordial curvature, manifesting as
cut-offs and oscillations at low multipoles and agreeing with numerical calculations. We identify
through our analytical approximation that the effects of curvature can be mathematically attributed
to shifts in the wavevectors participating dynamically.
I. INTRODUCTION
The inflationary scenario [2–4] was invoked to resolve
several issues within the basic Hot Big Bang model, and
it is upon this that the current concordance cosmology
(ΛCDM) is built. Through a brief period of rapid expan-
sion at early times, the inflationary framework success-
fully predicts the minimal present-day curvature, as well
as the generation and growth of nearly scale-invariant
adiabatic scalar perturbations. These perturbations then
manifest themselves in the cosmic microwave background
(CMB), as anisotropies, giving us the measured spectrum
we observe on the sky today [5, 6].
If one is to study inflation in a theoretically complete
manner, one cannot assume that the universe was flat at
the start of the expansion. Furthermore, the presence of
small discrepancies at low multipoles in the spectrum of
the CMB [7] from those predicted by flat inflationary dy-
namics, motivate a study of the effects of primordial cur-
vature. Typically the spectra contain generic cut-offs and
oscillations within the observable window for the level of
curvature allowed by current CMB measurements. Previ-
ous numerical calculations [8] of such models have shown
that the primordial power spectra generated for curved
inflating universes provide a better fit to current data.
Additionally, the introduction of a small amount of
late-time curvature, creating a KΛCDM cosmology [9,
10], has been suggested as a potential resolution to the
tensions observed between datasets probing the early uni-
verse and those that measure late-time properties [11–
18]. Planck 2018 data without the lensing likelihood [19]
presents relatively strong evidence for a closed uni-
verse [5]. Adding in lensing and Baryon acoustic oscilla-
tion data [20–22] reduces this evidence considerably, but
it remains an open question as to why the CMB alone
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prefers universes with positive spatial curvature. Whilst
interpretations of the level of experimental support for
a moderately curved present-day universe differ [23–25],
universe models with percent-level spatial curvature re-
main compatible with CMB datasets. The appearance
of any present-day curvature is arguably incompatible
with eternal inflation, and strongly constrains the total
amount of inflation, providing a powerful justification for
just-enough-inflation theories [26–31].
In this paper, we generalise the approach of Contaldi
et al. [1] to the curved case, obtaining analytical back-
ground solutions and primordial power spectra for uni-
verses including spatial curvature. The approximation
models the background universe as beginning in a kinet-
ically dominated regime, followed by an instantaneous
transition to a regime with no potential dependence,
which we term ultra-slow-roll. Despite such an idealised
situation, this simple approximation qualitatively repro-
duces the exact spectrum obtained by numerical compu-
tation, with the notable advantage of using this method
that the results are independent of the scalar field po-
tential. The analytic solutions yield better insight into
the physics and effects of curvature on the primordial
universe which may potentially be overlooked through a
purely numerical approach.
This paper is organised as follows. In Sec. II the con-
formal time equivalent of the background equations and
general Mukhanov-Sasaki equation for curved inflating
universes are presented. We solve the curved Mukhanov-
Sasaki equation and plot the corresponding spectra for
our potential-independent curved inflationary model in
Sec. III. This is proceeded by a discussion of our re-
sults in Sec. IV, after which we present our conclusions in
Sec. V. Supplementary material, such as Python code for
generating figures and Mathematica scripts for computer
algebra, is found at [32].
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2II. BACKGROUND
In this section we establish notation and sketch a
derivation of the background and first-order perturbation
equations in conformal time. Further detail and expla-
nation may be found in [33–35].
The action for a single-component scalar field mini-
mally coupled to a curved spacetime is
S =
∫
d4x
√
|g|
{
1
2
R+
1
2
∇µφ∇µφ− V (φ)
}
. (1)
Extremising this action generates the Einstein field
equations and a conserved stress energy tensor.
In accordance with the cosmological principle, the so-
lutions to the Einstein field equations are assumed to
be homogeneous and isotropic at zeroth order. One then
perturbatively expands about the homogeneous solutions
to first order in the Newtonian gauge.
In conformal time and spherical polar coordinates in
the Newtonian gauge, the metric may be written as
ds2 = a(η)
2
[(1 + 2Φ) dη2 − (1− 2Ψ)(cij + hij) dxi dxj ],
cij dx
i dxj =
dr2
1−Kr2 + r
2(dθ2 + sin2 θ dφ2), (2)
where K ∈ {+1, 0,−1} denotes the sign of the curvature
of the universe: flat (K = 0), open (K = −1) and closed
(K = +1).1 The longitudinal metric perturbation Φ and
curvature metric perturbation Ψ along with the pertur-
bation to the field δφ are scalar perturbations, whilst
hij is a divergenceless, traceless tensor perturbation with
two independent polarisation degrees of freedom. The
covariant spatial derivative on comoving spatial slices is
denoted with a Latin index as ∇i.
By taking the (00)-component of the Einstein field
equations and the (0)-component of the conservation
of the stress-energy tensor, one can show that the
background equations for a homogeneous Friedmann-
Robertson-Walker (FRW) spacetime with material con-
tent defined by a scalar field are
H2 +K = 1
3m2p
(
1
2
φ′2 + a2V (φ)
)
, (3)
0 = φ′′ + 2Hφ′ + a2 d
dφ
V (φ), (4)
where H = a′/a is the conformal Hubble parameter, mp
is the Planck mass, φ is the homogeneous value of the
scalar field, V (φ) is the scalar potential, a is the scale
factor and primes indicate derivatives with respect to
conformal time η defined by dη = dt/a. A further useful
relation to supplement Eqs. (3) and (4) is
H′ = − 1
3m2p
(
φ′2 − a2V (φ)
)
, (5)
1 note this is opposite to the curvature density parameter ΩK ,
K = +1⇒ ΩK < 0
which is derived from the trace of the Einstein field
equations. For the remainder of this paper we set the
Planck mass to unity (mp = 1), but note that one may
reintroduce mp at any time by replacing φ → φ/mp,
V → V/m2p.
Another useful physical perturbation to consider is the
gauge-invariant comoving curvature perturbation
R = Ψ + H
φ′
δφ. (6)
The equation of motion for this quantity is termed the
Mukhanov-Sasaki equation. To derive this equation for
curved universes, one can take a direct perturbative ap-
proach as that introduced by Mukhanov et al. [33]. This
computation has been performed historically by [36–42].
One can also arrive at Eq. (7) via the Mukhanov action,
by following the notation of Baumann [35, Appendix
B] and generalising the ADM formalism [43, 44] to the
curved case.
Employing both approaches, a general version of the
Mukhanov-Sasaki equation for curved universes was com-
puted by Handley [8] in cosmic time. Extending these
calculations to conformal time, we now show that the
curved Mukhanov-Sasaki equation is given by
(D2 −KE)R′′ +((φ′2H + 2φ′′φ′ − 2KH
)
D2 − 2KHE
)
R′
+
(
−D4 +K
(
2K
H2 − E + 1−
2φ′′
φ′H
)
D2 +K2E
)
R = 0,
D2 = ∇i∇i + 3K, E = φ
′2
2H2 , (7)
where primes denote derivatives with respect to confor-
mal time. Eq. (7) can be expressed in a more famil-
iar form by Fourier decomposition and a redefinition of
variables. In the flat case one normally redefines vari-
ables in terms of the Mukhanov variable v = zR, where
z = aφ′/H. In the curved case, this is impossible, but
one can define a wavevector-dependent Z and v via
v = ZR, and Z = aφ
′
H
√
D2
D2 −KE . (8)
Fourier decomposition acts to replace the D2 operator
in Eq. (7) with its associated scalar wavevector expres-
sion [34]
D2 ↔ −K2(k) + 3K, (9)
K2(k) =
{
k2, k ∈ R, k > 0, K = 0,−1,
k(k + 2), k ∈ Z, k > 2, K = +1. (10)
After some algebraic manipulation, the curved
Mukhanov-Sasaki equation may be written as
v′′k +
[
K2 −
(Z ′′
Z + 2K +
2KZ ′
HZ
)]
vk = 0. (11)
3III. ANALYTICAL PRIMORDIAL POWER
SPECTRA FOR CURVED UNIVERSES
To obtain spectra for curved inflating cosmologies, we
will now generalise to the curved case an approximate an-
alytical approach first applied by Contaldi et al. [1]. For
our model we assume a pre-inflationary kinetically dom-
inated regime defined by φ′2  a2V (φ). We then invoke
an instantaneous transition to a regime where the scalar
field motion has significantly slowed φ′2  a2V (φ), and
the standard slow-roll constraints to solve the horizon
problem are satisfied. This rather brutal approximation
has the advantoge that it does not depend on a specific
potential choice V (φ) and illustrates the effects of cur-
vature on the primordial power spectrum. Furthermore,
this model grants a framework, within which potential
dependence can be added via higher order terms in the
solutions for curved inflationary dynamics.
In Sec. III A we provide analytic solutions and power
series expansions for the background variables in the two
regimes. In Secs. III B and III C we derive analytic solu-
tions for the mode equations in each regime, and match
these together at the transition point. Sec. III D then
uses the freeze-out values of the ultra-slow-roll solution
to produce our analytic template in Eq. (32).
To avoid confusion, note that we work in a convention
where the conformal time η = 0 at the singularity, i.e.
a(η = 0) = 0, which is different from Contaldi et al. [1],
who places η = 0 at the transition time.
A. Background dynamics
To solve for the background variables a, H and φ we
can rearrange Eqs. (3) and (5) into two useful forms
H′ + 2H2 + 2K = a2V (φ), (12)
H′ −H2 −K = −1
2
φ′2. (13)
In the initial stages of kinetic dominance φ′2 
a2V (φ), we can neglect the right-hand-side of Eq. (12),
and similarly in the ultra-slow-roll stage φ′2  a2V (φ)
we can set the right hand side of Eq. (13) similarly to
zero.
If we define
SK(x) =
 sin(x) K = +1x K = 0sinh(x) K = −1, (14)
then solving Eq. (12) with the right-hand-side set to zero
yields a ∼√SK(2η) for the kinetically dominanted, and
solving Eq. (13) similarly yields a ∼ 1/SK(η) for ultra-
slow-roll. In both cases these solutions have two free
integration constants corresponding to an additive coor-
dinate shift in η and a linear scaling of a. Matching a
0 ηt 3ηt
η
0
1
a
(η
)
kinetic dominance
φ′2 À a2V (φ)
ultra-slow-roll
φ′2 ¿ a2V (φ)
K = +1
K = 0
K = −1
FIG. 1: Evolution of the scale factor a over conformal time
from the analytical calculation in Eq. (15), where the initial
singularity has been set at η = 0 and the scale factor
normalised a = 1 at the transition time ηt for the case of a
flat universe (K = 0).
and a′ for these two solutions at some transition time ηt
gives
a =
{ √
SK(2η) : 0 ≤ η < ηt
[SK(2ηt)]
3/2/SK(3ηt − η) : ηt ≤ η < 3ηt, (15)
with the conformal coordinate freezing out into the in-
flationary phase as η → 3ηt. The evolution of the scale
factor a is plotted in Figure 1.
Note that for the closed case (K = +1), there is a
maximum sensible value of ηt = pi/4. At values of ηt
greater than this, the universe begins collapsing before
the transition is reached and should be regarded as a
breakdown of the approximation.
The remaining background variables may also be
solved in the kinetically dominated regime with curva-
ture and conformal time [26], but for the purposes of this
analysis we only need power series expansions, which up
to the first curvature terms read
N = Np +
1
2
log η − K
3
η2 +O(η4), (16)
φ = φp ±
√
3
2
log η ±
√
6K
6
η2 +O(η4), (17)
4where N = log a. Other derived series include
φ′ = ±
√
3
2
1
η
±
√
6K
3
η +O(η3), (18)
H = N ′ = 1
2η
− 2K
3
η +O(η3), (19)
a = eN = eNpη1/2 − e
NpK
3
η5/2 +O(η9/2). (20)
A complete derivation of these series requires a con-
sideration of logolinear power series expansions [10, 45],
which we detail further in Appendix A.
The ultra-slow-roll regime is defined loosely as
φ′2  a2V (φ), but can be more precisely thought of as
the limit where E → 0 but curvature contributions re-
main. For our analysis we only need the analytic form of
the scale factor a found in Eq. (15).
B. Mukhanov-Sasaki solutions under
kinetically dominance
The evolution of the Mukhanov variable vk is defined
by the Mukhanov-Sasaki Eq. (11). Combining the re-
sults from Eqs. (18) to (20) show that for the kinetically
dominated regime
Z ′′
Z +2K+
2K
H
Z ′
Z = −
1
4η2
+
32K
3
− 24K
2
K2(k) +O(η
2). (21)
Substituting (21) into (11) we can write the
Mukhanov-Sasaki for the kinetically dominated regime
as
v′′k +
[
k2− +
1
4η2
]
vk = 0,
k2−(k) = K2(k)−
32K
3
+
24K2
K2(k) . (22)
From Eqs. (10) and (22) we can see that the first-order
effects of curvature on the Mukhanov-Sasaki Eq. (11)
in the kinetically dominated regime manifest themselves
purely as an effective shift in the wavevector participat-
ing dynamically.
By solving Eq. (22) we find that during the kinetic
dominance regime the Mukhanov variable vk evolves as
vk (η) =
√
pi
4
√
η
[
AkH
(1)
0 (k−η) +BkH
(2)
0 (k−η)
]
, (23)
where H
(1,2)
0 are zero-degree Hankel functions of the first
and second kind2, and quantum mechanical normalisa-
tion requires |Bk|2 − |Ak|2 = 1 [46]. Following Contaldi
2 and should not be confused with the present day Hubble constant
et al. [1] and Sahni [47] we choose initial conditions which
select the right-handed mode
Ak = 0, Bk = 1, (24)
leaving a consideration of alternative quantum initial
conditions to a future work.
C. Mukhanov-Sasaki solutions under ultra-slow-roll
For the ultra-slow-roll regime (η ≥ ηt), taking the limit
E → 0 shows that up to first order in curvature the rel-
evant terms in the Mukhanov-Sasaki Eq. (11) take the
form
Z ′′
Z + 2K +
2KZ ′
HZ →
a′′
a
+ 4K
=
2
(η − 3ηt)2 −
11K
3
+O[(η − 3ηt)2]. (25)
Substituting this result from (25) into (11), allows us
to express the Mukhanov-Sasaki equation for the subse-
quent ultra-slow-roll regime as
v′′k +
[
k2+ −
2
(η − 3ηt)2
]
vk = 0,
k2+ = K2(k)−
11K
3
. (26)
Note that the shifted dynamical wavevector k+ for
ultra-slow-roll (η ≥ ηt) is distinct from that defined for
the kinetically dominated regime k− (η ≤ ηt).
By solving Eq. (26) we find that during the ultra-slow-
roll stage, the Mukhanov variable vk evolves as
vk(η) =
√
pi
4
√
3ηt − η
[
CkH
(1)
3/2(k+(3ηt − η))
+DkH
(2)
3/2(k+(3ηt − η))
]
. (27)
One can now invoke the condition of continuity of vk
and vk
′ at the transition time ηt and match Eqs. (23),
(24) and (27), to show the coefficients of the two modes
of the Mukhanov variable vk in the ultra-slow-roll regime
are
Ck =
ipiηt
2
√
2
[
k+H
(2)
0 (k−ηt)H
(2)
1/2(2k+ηt)
−k−H(2)1 (k−ηt)H(2)3/2(2k+ηt)
]
, (28)
Dk =
ipiηt
2
√
2
[
k−H
(2)
1 (k−ηt)H
(1)
3/2(2k+ηt)
−k+H(2)0 (k−ηt)H(1)1/2(2k+ηt)
]
. (29)
This recovers the results obtained by Contaldi et al. [1]
in the limit of zero curvature (K = 0), i.e. k2− → K2 →
k2 and k2+ → K2 → k2.
5D. The Primordial Power Spectrum
With these complete solutions of the Mukhanov vari-
able, we have the means to compute a primordial power
spectrum.
By extending upon the analysis of Contaldi et al. [1]
and generalizing to the curved case, we derive the curved
primordial power spectrum of the comoving curvature
perturbation R under our approximation to be3
PR(k) ≡ k
3
2pi2
|Rk|2
→ lim
η→3ηt
1
8a2Epi2(3ηt − η)2
k3
k3+
|Ck −Dk|2,
= As
k3
k3+
|Ck −Dk|2, (30)
where we have used thatRk = vk/Zk, and Z → aφ′/H =
a
√
2E where the transition time parameter ηt, slow-roll
parameter E and formally diverging parameters can be
absorbed into the usual scalar power spectrum amplitude
As.
At short wavelengths, where k− → k+ → k  1/ηt,
one recovers the standard result of a scale invariant spec-
trum
|Ck| ' 1, |Dk|  |Ck|, PR ' As. (31)
It should be noted that as we are working in the ultra-
slow-roll regime, as in Contaldi et al. [1] there is no tilt ns
to this power spectrum. Whilst there exist more sophis-
ticated ways to incorporate higher order terms and hence
recover the tilt, in this work we insert this by replacing
As with the standard tilted power spectrum parameteri-
sation.
Our analytical form of the primordial power spectrum
for each curvature K ∈ {+1, 0,−1} therefore is parame-
terised by an amplitude As, spectral index ns and tran-
sition time ηt
PR(k) = As
(
k
k∗
)ns−1 k3
k3+
|Ck(ηt)−Dk(ηt)|2, (32)
where Ck and Dk are defined by Eqs. (28) and (29), using
Hankel functions and wavevectors k± defined in Eqs. (23)
and (26).
The spectra of PR generated by our analytical calcula-
tion are plotted in Figure 2. We note that they reproduce
the spectra obtained by Contaldi et al. [1] in the case of
zero curvature (K = 0).
3 Contaldi et al. [1] considered the spectrum of a uniquely defined
variable Q in the limit where it becomes constant at late time.
IV. DISCUSSION
Upon review of the calculations presented in III, we see
that when applying a purely analytical approach to solve
curved inflationary dynamics, the effects of curvature can
be mathematically attributed to shifts in the wavevectors
participating dynamically Eqs. (22) and (26). Further
inspection of the curved Mukhanov-Sasaki equation in
Eq. (7) provides a sanity check of this mathematical re-
sult, as we see that, within Fourier space, the differential
operator is replaced by a scalar wavevector shifted by
a curvature term. At a dynamic level we see that this
shifted wavevector manifests itself in the spectra of PR
as phase-based ringing effects for large enough values of
the transition time, ηt. This gives us a physical intu-
ition of the oscillations seen in the numerically generated
curved primordial power spectra for closed inflating uni-
verses [8].
Furthermore, we have shown through our generally
curved approach that curvature also manifests itself as
a shifted wavevector in the open case, and thus these
phase-based ringing effects are present in open inflating
universes. Unlike the open case, for the closed case we
do not obtain a sensible spectrum for all values of the
transition time, ηt; for large ηt, we observe a natural
breakdown of the approximation at low k at the limit of
k = 3 for comoving k. This is in agreement with the
constraint k ∈ Z > 2 for closed universes, below which
the frequency of the oscillatory solutions become imagi-
nary. In the spectrum of Contaldi et al. [1] generated for
flat ΛCDM, there is also a ringing effect sourced by the
instantaneous transition which causes a discontinuity in
the Mukhanov-Sasaki fraction z′′/z. The flat (K = 0)
spectra generated by our general curved approach also
demonstrate these effects, but in the curved case there is
a discontinuity in Z ′′/Z+ 2K+ 2KZ ′/HZ, which in the
flat case (K = 0) reduces to a discontinuity of z′′/z.
KΛCDM is a commonly considered extension to stan-
dard flat ΛCDM, where there is an additional degree of
freedom of spatial curvature ΩK . In KΛCDM an almost
flat power spectrum is assumed
PKΛCDMR (k) = As
(
k
k∗
)ns−1
, (33)
where k∗ corresponds to the pivot perturbation mode
and by convention is set to have a length-scale today
of 0.05Mpc−1.
The Planck 2018 results including CMB lensing give
the curved universes (TTTEEE+lowl+lowE+lensing)
best fit data as As = 2.0771 ± 0.1017 × 10−9 and ns =
0.9699± 0.0090. Hence, the observations support a weak
power law decay of the primordial power spectrum.
Handley [8] showed that relative to Eq. (33), including
the exact numerical calculation for curved universes, in-
troduces oscillations and a suppression of power at low
k, independent of initial conditions, and hence deviates
from the form of Eq. (33). It has been shown in previ-
ous work that the (k/k∗)ns−1 tilt is a higher-order effect
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FIG. 2: Left: Primordial power spectra PR corresponding to the range of allowed values of the transition time ηt for open
and closed universes K ∈ {−1,+1}. Oscillations and a generic suppression of power are visible at low-k. For K = +1, only
integer values of comoving k with k ≥ 3 are allowed. Dots indicate the first 100 comoving k. For clarity, we include the
continuous spectrum. Right: The corresponding low-` effects on the CMB power spectrum. The power law KΛCDM
spectrum is highlighted in grey along with Planck data. There is no appreciable deviation from the traditional power
spectrum at higher k and ` values. Note that the spectra of PR and DTT` qualitatively reproduce those found numerically
in [8]. Multipole ` and comoving & physical k are related by the conversions presented in Agocs et al. [48].
7manifested from the nature of the scalar field potential
chosen for the slow-roll regime. To compute such effects,
one can determine the higher order terms of the logolin-
ear expansions listed in Appendix A.
As a good phenomenological approximation for a gen-
eral inflationary setting, we scale our normalised PR
with the best-fit scalar power spectrum amplitude As
and manually add in the tilt, we present our analytical
primordial power spectrum PR for varying values of the
transition time ηt, which we then follow through to the
CMB, in Figure 2 [49]. The CMB spectra, correspond-
ing to these primordial power spectra, are generated us-
ing parameters values set in accordance with the best fit
data for each curved scenario. For the closed case we use
the Planck 2018 TTTEEE+lowl+lowE+lensing best fit
parameters. For the flat case we work with the best fit
parameters for a flat ΛCDM cosmology. For the open
case we calculate the mean posterior distribution of all
lensing data using the anesthetic package, subject to
the constraint that Ωk > 0 (K = −1) [50].
The requirement that the horizon problem is solved
i.e. that the amount of conformal time during inflation
ηi is greater than the amount of conformal time before
ηt and afterwards η↑, bounds the transition time ηt from
above. The condition of the amount of conformal time
during inflation ηi being greater than the conformal time
in the kinetically dominated regime preceding inflation
ηt is naturally satisfied by the ultra-slow-roll solution of
(15), since ηi = 2ηt. The additional condition regarding
the conformal time after inflation η↑ places the constraint
that (η↑ < 2ηt). The implications of these constraints
on exact numerical integration methods for computing
curved primordial power spectra, are discussed in more
detail in Handley [8, Section IV].
Figure 2 demonstrates how the computed spectra vary
for different values of the transition time ηt. The loca-
tion of the cutoff, suppression of power and oscillations
are changed by adjusting the transition time, and as ex-
pected [10] the depth of the suppression in closed uni-
verses (K = +1) is greater for the case when primor-
dial curvature has a larger magnitude (corresponding to
a higher transition time). Interestingly, we find that for
large enough values of the transition time, a suppression
of power is also seen in open universes (K = −1).
Overall, we demonstrate that our analytical calcula-
tions reproduce very well the spectra obtained with the
exact numerical evolution reported in [8], as well as the
spectrum obtained by the analytical approximation of
Contaldi et al. [1], i.e. the case of zero curvature (K = 0).
With this work we have not only developed an analyti-
cal framework to solve curved inflationary dynamics, but
a means to study curvature in isolation, without com-
plicating factors, such as the choice of the scalar field
potential.
V. CONCLUSIONS
The inflationary scenario addresses the initial value
problem of the Hot Big Bang, but provides us with no
insight into the universe’s state pre-inflation. Therefore,
in order to truly understand the physics of inflation, we
must study it with no bias towards the conditions of the
universe at inflation start; more specifically, we can not
infer the shape of the universe prior to inflation from
the observed flatness seen at recombination through the
cosmic microwave background (CMB).
In [8], it was shown through exact numerical calcu-
lations of curved inflating universes generated spectra
with generic cut-offs and oscillations within the observ-
able window for the level of curvature allowed by current
CMB measurements and provide a better fit to current
data. In this work we have used the formalism popu-
larised by [33–35] and subsequent manipulation to write
the Mukhanov-Sasaki equation for curved universes in
conformal time. This has allowed us to derive analytical
solutions of the Mukhanov-Sasaki equation for a gener-
ally curved universe scenario, which show that curvature
mathematically manifests itself as a shifted dynamical
wavevectors, and physically at low k as a suppression of
power and oscillations in the primordial power spectra,
which then follow through to the CMB.
The main emphasis of our paper was related to mod-
ifications of the simple model utilised by Contaldi et al.
[1], which invokes an instantaneous transition between
an initial kinetic stage (when the velocity of the scalar
field was not negligible) and an approximate de-Sitter in-
flationary stage, to generate the significant suppression
of the large scale density perturbations. Through the
application of logolinear series expansions and a newly
defined inflationary regime, we generalise this model to
the curved inflating case, to introduce oscillations and a
suppression of power at low k, as well as generic cut-offs,
which is in agreement with exact numerical calculations.
Varying the remaining degree of freedom, specifically the
amount of primordial curvature (provided through the
transition time), alters the oscillations and level of sup-
pression in a non-monotonic manner, whilst there is a
consistent lowering in the position of the cut-off at low k
with increasing transition time.
The addition of an extra curvature parameter in the
theory to obtain a better fit with data comes with costs,
but given the recent discrepancies that have arisen with
the standard ΛCDM model, this is something that now
requires strong consideration. A natural extension is
KΛCDM. Our work has now shown, both analytically
and numerically, that for all allowed values of initial pri-
mordial curvature, incorporating the exact solutions for
closed universes results in observationally significant al-
terations to the power spectrum. Furthermore, the data
are capable of distinguishing a preferred vacuum state,
with the best fit preferring Renormalised-Stress-Energy-
Tensor (RSET) initial conditions over the traditional
Bunch–Davies vacuum. Future work will involve extend-
8ing our analytical approach to RSET and other initial
conditions.
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Appendix A: Logolinear expansions in conformal
time
Logolinear series expansions [45] for a general function
x(η) have the form
x(η) =
∑
j,k
[xkj ] η
j(log η)
k
, (A1)
where [xkj ] are twice-indexed real constants defining the
series, with square brackets used to disambiguate powers
from superscripts.
We begin with Eqs. (4) and (5)
N ′′ +N ′2 +
1
3
(
φ′2 − a2V (φ)
)
= 0, (A2)
φ′′ + 2N ′φ′ + a2
d
dφ
V (φ) = 0. (A3)
Here N = log a has been used rather than H as it
restates Eqs. (4) and (5) in the form of second order
differential equations, which we can then in turn convert
to a first order system of equations
N˙ = h, φ˙ = v,
h˙ = h− 1
3
v2 + a2
1
3
η2V (φ),
v˙ = v − 2vh− a2η2 d
dφ
V (φ), (A4)
where dots indicate derivatives with respect to logarith-
mic conformal time log η, i.e. x˙ = ddlog ηx.
To analytically determine approximate solutions for
curved cosmologies we will consider series expansions for
a general function x(η) of the form 4
x(η) =
∑
j
xj(η)η
j ⇒ x˙(η) =
∑
j
(x˙j+jxj)η
j . (A5)
4 Note that this indexing convention differs from that adopted
in [10], which also utilised series expansions to solve cosmologi-
cal evolution equations. For our purposes an expansion in η was
required, hence the unique convention used in our series defini-
tions.
Substituting in our series definition from Eq. (A5) and
equating coefficients of ηj , we find that Eq. (A4) becomes
N˙j + jNj = hj , φ˙j + jφj = vj ,
h˙j + jhj = hj +
1
3
V (φ)e2Npe
∑
q>0Nq(η)η
q |j−3 −
∑
p+q=j
vpvq
3
,
v˙j + jvj = vj − dV (φ)
dφ
e2Npe
∑
q>0Nq(η)η
q |j−3 − 2
∑
p+q=j
vphq.
(A6)
One should also consider the equivalent of Eq. (3)
1
3
V (φ)e2Npe
∑
q>0Nq(η)η
q |j−3+
∑
p+q=j
1
6
vpvq−hphq = K|j−2,
(A7)
where exponentiation of logolinear series was discussed
in [45].
We may solve for the j = 0 case of Eq. (A6) using
the kinetically dominated solutions, as it is equivalent to
Eq. (A4) with V = 0
N0 = Np +
1
2
log η, h0 =
1
2
,
φ0 = φp ±
√
3
2
log η, v0 = ±
√
3
2
, (A8)
where Np and φp are constants of integration. As men-
tioned previously we expect there to be four constants
of integration a priori. One of the missing constants is
fixed by defining the singularity to be at η = 0, whilst the
other is effectively set by the curvature. Hence Eq. (A8)
represents a complete solution to j = 0 for only the flat
case (K = 0). Nevertheless, we may still adopt Eq. (A8)
as the base term for the logolinear series. The final con-
stant of integration will then effectively emerges from a
consideration of higher order terms.
For j 6= 0, we can rewrite Eq. (A6) in the form of a first
order linear inhomogeneous vector differential equation
x˙j +Ajxj = Fj , (A9)
where x = (N,φ, h, v), Aj is a (constant) matrix
Aj =
 j 0 −1 00 j 0 −10 0 j − 1 23v0
0 0 2v0 j − 1 + 2h0
 ,
=

j 0 −1 0
0 j 0 −1
0 0 j − 1 ±
√
2
3
0 0 ±√6 j
 , (A10)
and Fj is a vector polynomial in log η depending only on
9earlier series xp<j
Fj =

0
0
1
3V (φ)e
2Npe
∑
q>0Nq(η)η
q |j−3 −
∑
p+q=j
p6=j,q 6=j
1
3
vpvq
−dV (φ)dφ e2Npe
∑
q>0Nq(η)η
q |j−3 − 2
∑
p+q=j
p6=j,q 6=j
vphq

.
(A11)
At each j, the linear differential Eq. (A9) may be solved
in terms of a complementary function (xcfj ) with four
free parameters and a particular integral (xpij ), i.e. xj =
xcfj +x
pi
j . These free parameters correspond to the degrees
of gauge freedom mentioned in [45].
We may solve the homogeneous version of Eq. (A9)
exactly, since Aj is a constant matrix
dxcfj
dlog η
+Ajx
cf
j = 0 ⇒ xcfj = e−Aj log η[x0j ], (A12)
where [x0j ] is a constant vector parametrising initial con-
ditions. To compute the matrix exponential, we first
compute eigenvectors and eigenvalues of Aj
eβ =
(
1 ±√6 (
√
6−18)
12 ∓
√
6
)
, Ajeβ = (j + 1) · eβ ,
eb =
(
1 ∓
√
6
2
(
√
6+18)
12 ∓
√
6
)
, Ajeb = (j − 2) · eb,
en =
(
1 0 0 0
)
, Ajen = j · en,
eφ =
(
0 1 0 0
)
, Ajeφ = j · eφ.
(A13)
Parametrising initial conditions [x0j ] using the eigenba-
sis in Eq. (A13) with parameters N˜ , φ˜, b˜, β˜, yields
xcfj = e
−Aj log η(N˜en + φ˜eφ + b˜eb + β˜eβ)
=
(
N˜en + φ˜eφ + b˜ebη
2 + β˜eβη
−1
)
η−j . (A14)
We may absorb all N˜ and φ˜ into our definitions of Np
and φp. Choosing β˜ = 0 amounts to setting the singu-
larity to be at η = 0 as an initial condition without loss
of generality, as it grows faster than our leading term as
η → 0. The only remaining undetermined integration
constant is b˜, which amounts to the integration constant
that was missing from Eq. (A8). The constant b˜ is con-
trolled by the curvature of the universe via Eq. (A7)
b˜ = − 13K. (A15)
Applying the standard definition of conformal time
dη = dt/a, show a clear equivalence between Eq. (A15)
and the cosmic time version found in the series solutions
derived in [45] [45]. We can now exchange K for b˜ via
this relation, and for the proceeding analysis in the main
body of the paper we shall drop the notation of b˜ and
explicitly denote curvature terms with K in the series
solutions. We also note from (A14) that the curvature of
the universe depends on a term in η2.
All that remains to be determined is a particular in-
tegral of Eq. (A9), given that one has the form of Fj
at each stage of recursion. The trial solution is xj(η) =∑Nj
k=0[x
k
j ](log η)
k
. Defining Fj =
∑Nj
k=0[F
k
j ](log t)
k
and
equating coefficients of (log η)
k
gives
(k + 1)[xk+1j ] +Aj [x
k
j ] = [F
k
j ], (A16)
giving a descending recursion relation in k
[x
Nj+1
k ] = 0, [x
k−1
j ] = A
−1
j ([F
k−1
j ]− k[xkj ]). (A17)
The recursion relation in Eq. (A17) fails when Aj is
non-invertible, which occurs when any of the eigenvalues
in Eq. (A13) are zero (j = −1, 0, 2). For these cases, the
system is underdetermined, with an infinity of solutions
parameterised along the directions of relevant eigenvec-
tors. This infinity of solutions can therefore be carefully
absorbed into a corresponding constant of integration.
Similarly, if we were to define an alternative base to
the recursion in Eq. (A17), then infinite series would be
generated. However, all but a finite number of terms
would merely contribute to a re-definition of constants
Np, φp, b˜, or an introduction of non-zero β˜, which we
disallow due to the consequent shift of the singularity to
a non-zero conformal time η.
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